Abstract: In [6, Proposition 18.21] we have proved some universality of the so-called localizing functor associated with a Frobenius P-category F , where P is a finite p-group, with respect to the coherent F -localities (τ,L,π) such that the contravariant functor Ker(π) [6, 17.8.2] maps any subgroup of P to an Abelian p-group. The purpose of this Note is both to move from the localizing functor to the perfect locality associated with F and to remove the Abelian hypothesis in the target. As a consequence, we get the functoriality for the perfect localities in the strongest form, improving [7, Theorem 9.15].
1. Introduction 1.1. Let p be a prime number, P a finite p-group and F a Frobenius P -category [6, 2.8] . In [6, Chap. 17] we introduce the localities(τ, L, π) associated to F and, in particular, the perfect F -locality (τ , P,π) [6, 17.13 ]. The main purpose of this Note is to prove that the perfect F -locality (τ , P,π) is an initial object in a suitable category of F -localities, namely in the full subcategory of the p-coherent F -localities [7, 2.8 and 2.9] ; that is to say, that there exists a unique isomorphism class of F -locality functors [7, 2.9 ] from (τ , P,π) to any p-coherent F -locality (τ, L, π) . Our result in [6, Proposition 18 .21] can be considered as a first weaker tentative towards this statement.
1.2. Let us recall our definitions. Denote by iGr the category formed by the finite groups and by the injective group homomorphisms; moreover, for any finite subgroup G with P as a Sylow p-subgroup, respectively denote by F G,P and T G,P the categories where the objects are all the subgroups of P and, for two of them Q and R , the respective sets of morphisms F G,P (Q, R) and T G,P (Q, R) are formed by the group homomorphisms from R to Q induced by the conjugation by elements of P , and by the set T G (R, Q) of such elements, the compositions being the obvious ones.
1.3. Now, a Frobenius P -category F is a subcategory of iGr containing F P = F P,P where the objects are all the subgroups of P and the morphisms fulfill the following three conditions [6, 2.8 and Proposition 2.11] 1.3.1 For any subgroup Q of P , the inclusion functor (F ) Q → (iGr) Q is full.
F P (P ) is a Sylow p-subgroup of F (P ) .
We say that a subgroup Q of P is fully centralized in F if for any F -morphism ξ : Q·C P (Q) → P we have ξ C P (Q) = C P ξ(Q) ; similarly, replacing in this condition the centralizer by the normalizer, we say that Q is fully normalized .
1.3.3
For any subgroup Q of P fully centralized in F , any F -morphism ϕ : Q → P and any subgroup R of N P ϕ(Q) such that ϕ(Q) ⊂ R and that F P (Q) contains the action of F R ϕ(Q) over Q via ϕ , there exists an F -morphism ζ : R → P fulfilling ζ ϕ(u) = u for any u ∈ Q . Note that, with the notation above, F G = F G,P is a Frobenius P -category.
1.4. Then, a coherent F -locality is a triple (τ, L, π) formed by a small category L , a surjective functor π : L → F and a functor τ : T P → L from the transporter category T P = T P,P of P , fulfilling the following three conditions [6, 17.3, 17.8 and 17 .9] 1.4.1 The composition π • τ coincides with the composition of the canonical functor κ P : T P → F P with the inclusion F P ⊂ F . Analogously, for any pair of subgroups Q and R of P , we denote by τ Q,R : T P (Q, R) −→ L(Q, R)
1.4.3 the map determined by τ , and whenever R ⊂ Q we set i Q R = τ Q,R (1) ; if R = Q then we write Q once for short. 1.4.4 For any pair of subgroups Q and R of P , any x ∈ L(Q, R) and any v ∈ R , we have x·τ R (v) = τ Q π Q,R (x)(v) ·x .
Moreover, we say that (τ, L, π) , or L for short, is p-coherent when Ker(π Q ) is a finite p-group for any subgroup Q of P . Note that, with the notation above, T G = T G,P endowed with the obvious functors T P −→ T G and T G −→ F G 1.4.5 becomes a coherent F G -locality.
1.5. If (τ, L, π) is a coherent F -locality, the subgroups τ Q (Q) ⊂ L(Q) when Q runs over the subgroups of P define an interior structure in L [6, 1.3] and we denote by L the corresponding exterior quotient . Moreover, since F is divisible [6, 2.3 .1] and L fulfills condition 1.4.2, if Q ′ and R ′ are subgroups of P , and we have R ⊂ Q and
for any y ∈ L(Q ′ , Q) R ′ ,R ; similarly, we get a contravariant functor from L to the category Gr of finite groups [6, 17.8.2] Ker(π) : L −→ Gr 1.5.2 sending any subgroup Q of P to Ker(π Q ) and any L-morphism x : R → Q to the group homomorphism
fulfilling u·x = x· Ker(π) x (u) for any u ∈ Ker(π Q ) ; actually, it follows from [6 Proposition 17.10] that Ker(π) factorizes through the exterior quotient L .
If L
′ is a second coherent F -locality with structural functors τ
the composition of two F -locality functors is obviously an F -locality functor; note that the equality τ ′ = l • τ forces l to be compatible with the restriction maps. Moreover, we can construct a third coherent F -locality L × F L ′ from the corresponding category defined by the pull-back of sets
with the obvious composition and with the structural maps
respectively induced by τ and τ ′ , and by π and π ′ . Note that we have obvious
conversely, it is quite clear that any subfunctor k of Ker(π) determines a quotient coherent F -locality L/k defined by the quotient sets
for any pair of subgroups Q and R of P , and by the corresponding induced composition. We say that two F -locality functors l andl from L to L ′ are naturally F -isomorphic if we have a natural isomorphism λ: l ∼ =l fulfilling π ′ * λ = id π ; in this case, λ Q belongs to Ker(π ′ Q ) for any subgroup Q of P and, since l(i
, λ is uniquely determined by λ P ; indeed, we have
Once again, the composition of a natural F -isomorphism with an F -locality functor or with another such a natural F -isomorphism is a natural F -isomorphism.
1.8. For any coherent F -locality (τ, L, π) recall that [6, Remark 17 .11] 1.8.1 If Q is a subgroup of P , R and T are subgroups of N P (Q) containing Q , and x is an element of
and moreover we have
for any w ∈ T . Indeed, the existence of y follows from the divisibility of F (cf. condition 1.3.1) and from condition 1.4.2 above; in particular, for any w ∈ T , from condition 1.4.4 we have
and we apply again the divisibility of F and condition 1. 
Proof: It is clear thatσ determines an action of L on Z and therefore, for any n ∈ N , it makes sense to consider the cohomology groups H n (L, Z) and H n (P, Z) . Moreover, M determines an elementμ of H 2 (M , Z) and if there is a group homomorphism τ : P → M lifting the restriction ofσ then the corresponding image ofμ in H 2 (P, Z) has to be zero; thus, since the restriction map
is injective [2, Ch. XII, Theorem 10.1], we also get
and therefore there is a group homomorphism σ : L → M liftingσ .
At this point, the difference between τ and the restriction of σ to P defines a 1-cocycle θ : P → Z and, for any subgroup R of P and any x ∈ L such that R x ⊂ P , it follows from condition 1.9.1 that there is y ∈ M such thatȳ =σ(x) and that, for any u ∈ R , we have
consequently, since the map sending u ∈ R to yσ(x)
∈ Z is a 1-coboundary, the cohomology classθ of θ is L-stable and it follows again from Theorem 10.1 in [2, Ch. XII] that it is the restriction of a suitable elementη ∈ H 1 (L, Z) ; then, it suffices to modify σ by a representative ofη to get a new group homomorphism σ ′ : L → M liftingσ and extending τ .
L → M is a group homomorphism which liftsσ and extends τ , the element σ ′ (x)σ(x) −1 belongs to Z for any x ∈ L and thus, we get a 1-cocycle λ :
, which vanish over P ; hence, it is a 1-coboundary [2, Ch. XII, Theorem 10.1] and therefore there exists z ∈ Z such that
so that we have σ ′ (x) = σ(x) z for any x ∈ L . We are done.
1.10. When inductively trying to obtain a more general statement by removing the Abelian hypothesis on the p-group Z , it quickly appears a lack of inductiveness in condition 1.9.1. The remark leading to this Note is that for an analogous statement respectively replacing the groups L and M by the perfect F -locality P [6, 17.13] and by a p-coherent F -locality L , the lack of inductiveness disappear. In the next section, we recall the definition of the perfect F -locality and prove our main result. In the last section, we give a direct proof for the functoriality of the perfect F -locality, which replaces all the section 9 in [7] and, moreover, improves [7, Theorem 9 .15].
1.11. As we explain below, our main result allows a dramatical reduction in the proof of the existence and the uniqueness of the perfect F -locality in [7, §6] ; it also supplies a easier direct proof of [7, Theorem 8.10 ]. Perhaps the main interest of this Note is to show that the cohomology of categories (or higher limits) are not needed when dealing with perfect F -localities: all we need from the cohomology groups is contained in Lemma 1.9 above and in [1, Proposition 3.2]. Let us recall this result.
1.12. Actually, it is possible to relativize all the above definitions to a nonempty set X of subgroups of P which contains any subgroup of P admitting an F -morphism from some subgroup in X , and we respectively denote by T X P , F X , P X and L X the full subcategories of T P , F , P and L over X as the set of objects. Let U ∈ X be fully normalized in F and assume that C P (U ) = Z(U ) ; if Q and R are subgroups of N P (U ) containing U , it follows from condition 1.3.3 and from [6, Corollary 4.9] that, denoting byQ andR the respective images of Q and R in F (U ) , any element in T F(U) (Q,R)
determines an F -morphism from R to Q ; it is clear that this correspondence defines a functor t : 
2. The perfect F -locality 2.1. As in 1.1 above, let p be a prime number, P a finite p-group and F a Frobenius P -category. Recall that any subgroup Q of P fully centralized in F has a so-called centralizer
is the subgroup of C P (Q) generated by the union of the sets {vσ(v) −1 } v∈R where R runs over the set of subgroups of C P (Q) and σ over the set of p ′ -elements of C F (Q) (R) .
but, by the very definition of C L (Q) [6, 17.5] , there is a p ′ -element s in L(Q·R) lifting σ and acting trivially on Q ; in particular, it follows from the divisibility of F and from condition 1.
and acting trivially on Q ; thus, since we are assuming that Ker(π Q ) is a p-group, t is actually the trivial element of L(Q) . Consequently, by the coherence of L we get (cf. condition 1.4.4)
but, according to the definition of s , we have s
(cf. condition 1.3.2). We are done.
2.3. We say that (τ, L, π) is a perfect F -locality if it is a coherent F -locality and for any subgroup Q of P fully normalized in F we have [6, 17 .12 and 17.13]
.11] and we have Ker(π Q ) = τ Q C P (Q) . Denoting by sc the set of F -selfcentralizing subgroups of P -namely the set of subgroups Q of P such that C P ϕ(Q) ⊂ ϕ(Q) for any ϕ in F (P, Q) [6, 4.8] -the existence and the uniqueness of a perfect F sc -locality P sc has been proved by Chermak in [3] employing the classification of simple finite groups and by Oliver in [5] employing Chermak's induction, but where the whole classification can be reduced to a shorter one for p = 2 , through the work by Glauberman and Lynd [4] .
2.4. Actually, in [7] we prove the existence and the uniqueness of perfect F -locality P without any classification. More precisely, we already gave in [6, Ch. 20 ] (and we correct in [7, Theorem 7 .2] !) a proof of the existence and the uniqueness of a perfect F -locality P from the existence and the uniqueness of P sc , and in [7, §6] we prove the existence and the uniqueness of P sc . As a matter of fact, all these results are not needed here, except for the functorial part in [7, Theorem 7.2] ; more generally, we work over a nonempty set X chosen as in 1.12 above.
Theorem 2.5. With the notation above, let
Proof: According to [7, Theorem 7.2, and 7 .3], we may assume that all the subgroups in X are F -selfcentralizing. From 1.5.2 let us consider the family {Γ i Ker(π) } i∈N of contravariant functors from L to Gr inductively defined by
We clearly may assume that Ker(π) is not trivial whereas, since the F -locality L is p-coherent, Γ i Ker(π) is trivial for i ∈ N big enough; let ℓ ∈ N be the biggest element such that the contravariant functor K = Γ ℓ Ker(π) is not trivial and denote by (τ ,L,π) the coherent F -locality formed by the quotient categoryL = L K (cf. 1.6.3) with the corresponding structural functors
It is quite clear that (τ ,L,π) remains a p-coherent F -locality; hence, arguing by induction on the size of L , we may assume that there exists a unique natural F X -isomorphism class of F X -locality functorsσ X : P X →L X .
We claim that there exists an F X -locality functor
where the case Y = ∅ is not excluded. First of all, we claim the existence of a group homomorphism
; we will apply Lemma 1.9 above to the finite groups P X (U ) and L(U ) , to the Sylow p-subgroupτ
3) and to the group homomorphismσ
that is to say, we have a unique group homomorphism
= τ U and lifting the restriction ofσ X U
. We claim that η fulfills condition 1.9.1; let R a subgroup of N P (U ) andx an element of P
actually, according to the Alperin Fusion
Theorem applied to the group P X (U ) , in order to show that condition 1.9.1 holds, we may assume that R contains U and thatx normalizesτ X U (R) .
In this case, ξ =π X U (x) belongs to N F (U) F R (U ) and therefore it follows from [6, Corollary 2.13] that ξ can be lifted to some element ζ of the stabilizer F (R) U of U in F (R) ; then, there isŷ ∈ P X (R) U lifting ζ and therefore, according to 1.5.1, there existsŷ U ∈ P
2.5.6
and, since Ker(π
−1 , we may assume thatŷ U =x .
In this situation we setȳ =σ X R (ŷ) , which belongs toL(R) U , and choose an element y ∈ L(R) U liftingȳ ; once again, according to 1.5 
and normalizing τ U (R) . All this can be summarized in the following commutative diagram
it is clear that the imageȳ
and therefore it coincides withσ X U (x) , since the functorσ X applied to the commutative P
yields the commutativeL-diagram
Moreover, from the coherence of L , as in 1.8.2 above for any v ∈ R we have
and therefore, according to 1.5.1, we get
but by the very definitions of η and of ζ we have
2.5.12, which proves that η fulfills condition 1.9.1. Consequently, il follows from Lemme 1.9 that there exists a group homomorphism
, which proves our claim.
If |X| = 1 then U = P and the existence of σ U proves the existence of an F X -locality functor σ X : P X → L X liftingσ X ; now, assuming that |X| = 1 and arguing by induction on |X| , we may assume that there exists a unique natural ) ; since the F -locality L is coherent, it follows from [6, Proposition 17.10] that z P centralizes τ P (P ) and therefore, for any Q ∈ Y , we still have z P ·i
Y coincide with each other; indeed, ifx =τ Q,R (u) for some u ∈ T P (Q, R) then we get
Now, considering the direct product in 1.6, we get the following commutative diagram
and it is quite clear that the
-locality isomorphism obviuosly determined by ∆ id,σ Y , and by M X the subcategory of P X × F X L X which coincides with M Y over Y and fulfills
for any pair of subgroups Q in X and V in X − Y . 
Denoting byM
Let us consider the transporter category T P X (U) of the group P X (U ) (cf. 1.2); denoting by M the set of subgroups of N P (U ) belonging to X , and by T M NP (U) and N M F (U ) the respective full subcategories of T NP (U) and N F (U ) over M , we claim that the full subcategory T
of T P X (U) over M , endowed with the functors
determined by the injective group homomorphismτ U : N P (U ) → P X (U ) , becomes a p-coherent N M F (U )-locality. Indeed, it is clear thatτ U induces the left-hand functor and, sinceτ U is injective, the conjugation in P X (U ) determines the right-hand one, which is "surjective" by statement 1.8.1; then, since we assume that all the groups in X are F -selfcentralizing, the p-coherence is easily checked (cf. 1.4.5).
Actually, denoting by N
2.5.20.
Indeed, for any pair of subgroups Q and R in M , any N M P X (U )-morphism x : R → Q comes from a P X -morphismx U : R·U → Q·U , which stabilizes U and is uniquely determined since any P X -morphism is an epimorphism [6, Proposition 24.2]; in particular, by restrictionx U determines an element
(Q, R) (cf. 1.5.1). Now, it is easily checked that this correspondence defines an "injective"
; for the "surjectivity", note that two subgroups
-isomorphic, since both statements are equivalent to Q and Q ′ being N M F (U )-isomorphic; consequently, it suffices to show that
but, it is quite clear that (cf. 2.5.19)
Similarly, denoting by 
and
once again, the right-hand functor is "surjective" by statement 1. 
(cf. 1.5.1). As above, it is easily checked that this correspondence defines the announced "injective" N N F (U )-locality functor. On the other hand, it is clear that the homomorphism σ U (cf. 2.5.13) determines a "diagonal" group homomorphism
. 
.13], it follows from the induction hypothesis on |X| that both functors are naturally N N F (U )-isomorphic, which according to equality 1.7.3 above only depends on an element . Consequently, we can choose z N P (U ) in such a way thatz N P (U ) = 1 ; then, up to replacing ρ U by its z N P (U ) -conjugate, we may assume that
in particular, for any N N P Y (U )-morphismŷ : R → Q such that Q and R both contain U , we may assume that (cf. 1.5.1)
Moreover, for any V ∈ X − Y fully normalized in F , it follows from [6, Corollary 2.13] that there is a P X -isomorphismŷ V :
then, considering the restriction mapsr
respectively corresponding to P X and to M X (cf. 1.5.1), and setting y V = ρ Y (ŷ V ) , we introduce the group homomorphism
2.5.35, which does not depend on our choice ofŷ V and fulfills
since P X and M X are coherent . Indeed, another choice has the formŷ V ·ŝ for some elementŝ in P X N P (U ) U ; but, according to our choice of ρ U above (cf. 2.5.32), we have
Note that, for any N P Y (V )-morphismŷ : R → Q such that Q and R both strictly contain V , from 2.5.32 and 2.5.35 we still get
this definition does not depend on our choice since, for such another decompositionx =r
2.5.40.
In particular, if Q and Q ′ are a pair of subgroups of P respectively contained in N and N ′ , and strictly containing V and V ′ , for anyx in
indeed, it follows from [6, condition 2.8.2] thatr
and therefore, considering the elementŝ =r
and, sincer
, from definition 2.5.39 and from equality 2.5.38 we still obtain (cf. 1.6)
and considering a P
indeed, assuming that 
2.5.48;
consequently, from 2.5.47 we obtain
which proves our claim. We are ready to consider any pair of subgroups V and V ′ in X − Y . We clearly have N = N P (V ) = V and it follows from [6, Proposition 2.7] that there is an F -morphism ν : N → P such that ν(V ) is fully normalized in F ; moreover, we choosen ∈ P Y ν(N ), N lifting the F -isomorphism ν * from N to ν(N ) determined by ν . That is to say, we may assume that 2.5.50 There is a pair (N,n) formed by a subgroup N of P which strictly contains and normalizes V , and by an elementn in
We denote by E(V ) the set of such pairs and we writen instead of (N,n) ,
This definition is independent of our choices; indeed, for another pair (N ,n) in E(V ) , settingN = N,N and considering a new F -morphism ψ :N → P such that ψ(V ) is fully normalized in F , we can obtain a third pair (N ,m) in E(V ) ; thenrmN 
Symmetrically, we can replace (N ′ ,n ′ ) for another pair (
Moreover, equality 2.5.41 still holds with this general definition; more generally, for any pair of subgroups Q and Q ′ of P strictly containing V and V ′ , we claim that
, it is clear that we have pairs (R,n) in E(V ) and (
, and by the very definition 2.5.51 and by equality 2.5.41 we have
2.5.54.
Once again, for another V ′′ ∈ X − Y , setting N ′′ = N P (V ′′ ) and considering aP
indeed, considering a pair (N ′′ ,n ′′ ) in E(V ′′ ) and settingx ′′ =x ′ ·x , from the very definition 2.5.51 we get
and it follows from equality 2.5.44 that the composition of the first and the second equalities above coincides with the third one.
At this point, we are able to complete the definition of the F X -locality functor ρ X : P X −→ M X liftingρ X . For any P X -morphismx : R → Q either R belongs to Y and we simply set ρ X (x) = ρ Y (x) , or R belongs to X − Y and, denoting by R * the image of R in Q and byx * : R ∼ = R * the P σ ′ X are naturally F X -isomorphic; but, according to 1.7.3 such a natural F X -isomorphism is determined by an elementz P of Ker(π P ) which can be lifted to z P ∈ Ker(π P ) ; moreover, according to [6, Proposition 17 .10], this element centralizes τ P (P ) and, as above, it determines another F X -locality functor naturally F X -isomorphic to σ ′ X . In conclusion, up to replacing σ ′ X by a naturally F X -isomorphic F X -locality functor, we may assume thatσ X =σ ′ X . Now, with the choice of U above, σ X and σ ′ X determine two group homomorphisms
and both liftingσ X U ; in particular, it follows from Lemma 1.9 that σ X U and σ ′ X U are conjugate to each other by an element of K(U ) ⊂ M(U ) centralizing τ U N P (U ) . If |X| = 1 then U = P and the existence of this element already proves the uniqueness.
Assuming that |X| = 1 , it is clear that σ X and σ ′ X determine two F -locality functor, we may assume that σ Y = σ moreover, ifR = { id U } then we are assuming that σchoosing a nonempty set X of subgroups of P as in 2.3 above, we work in the relative context still considering the perfect F X -locality (τ X , P X , π X ) .
3.3. Assuming that α(P ′ ) belongs to X , it is clear that the set X ′ of subgroups Q ′ of P ′ such that α(Q ′ ) belongs to X still fulfills the condition in 2.3
above; in particular, we can consider the perfect F We claim that there is a unique isomorphism class of functors g 
In particular, we have a natural isomorphism
Res f α ′ (h X ′ α ) • h X ′′ α ′ ∼ = h X ′′ α•α ′ 3.5.2.
